Using a combination of laboratory experiments and computer simulation we show that microwaves reflected from and transmitted through soil have a fractal dimension correlated to that of the soil's hierarchic permittivity network. The mathematical model relating the ground-penetrating radar record to the mass fractal dimension of soil structure is also developed. The fractal signature of the scattered microwaves correlates well with some physical and mechanical properties of soils. DOI: 10.1103/PhysRevLett.89.188501 PACS numbers: 91.60.Ed, 41.20.Jb, 61.43.Gt, 61.43.Hv Wave scattering by fractal objects has important implications in physics and engineering, and is also a mathematical challenge [1, 2] . As waves encountering fractals inherit the scaling properties of the scatterer, small angle x-ray and neutron scattering have become a powerful tool to characterize irregular surfaces and volumes [3] . However, wave scattering on random variations in refractive index is not understood in all details.
Wave scattering by fractal objects has important implications in physics and engineering, and is also a mathematical challenge [1, 2] . As waves encountering fractals inherit the scaling properties of the scatterer, small angle x-ray and neutron scattering have become a powerful tool to characterize irregular surfaces and volumes [3] . However, wave scattering on random variations in refractive index is not understood in all details.
The critical issue that arises in this research is the relationship between the ground-penetrating radar (GPR) image (georadargram) and the distribution of the solid particles and pores, retrieved from optic (thin sections) and electron microscope (SEM) images of undisturbed soil samples. Specifically, can the information about solid and pore patterns be directly extracted from the GPR data, in order to describe the spatial variability of soil structure and derive there from physical and mechanical properties?
Soil structure is heterogeneous on a wide range of length scales, showing a strongly hierarchical nature. Self-similarity and the independence on scale were documented by our group for solid and pore patterns of some soils and sediments of Mexico, with contrasting genesis, in the scale range from 0.008 to 3 mm [6 -8] . Recently, we have proved that the fractal behavior of these media extends to a broader scale range, using the GPR [4, 5] as a means to study the geometry of soils and shallow sediments on the macroscale ( 10 ÿ2 -10 m). The result of a radar survey is an image, showing the main reflecting interfaces which, in the GPR frequency range and in the absence of metal conductors, correspond to permittivity contrasts [4, 5] . We assumed that in the explored watersaturated porous medium the high-permittivity points, associated with the pore space (which we have shown [6 -8] to be a mass fractal), provide a fractal signature for the scattered and transmitted microwaves. Thus, the structure of the soil's and sediment's pore network can be extracted from the GPR traces by fractal techniques.
To prove mathematically that the graph of the backscattered radar signal has the same Hausdorff dimension [3, 9] as the mass fractal dimension of pores (and therefore of the high-permittivity points), assume that a narrowband signal is sent into a soil layer between 0 z Z max . Let both the transmitter and receiver antennas be at x 0, z 0. For soils of 0:1-10 m resistivity, and with moderate permittivity contrasts, multiple scattering can be neglected, and the received signal is
where I j q j is scattered intensity from a soil element with scattering vector q j , n j q j is the number of scatterers with the same q j , and c is the average wave velocity in the medium. By Hunt's theorem [10] , if A j q j I j q j n j q j satisfies the conditions (i) ajq j j jq j1 j bjq j j for some b > a > 1 and for all j, and (ii) ÿ1 < lim j!1 lnA j =lnjq j j ÿH < 0, then At is a selfaffine fractal function with Hurst exponent H [3, 9] . The graph of At has Hausdorff dimension D 2 ÿ H [3, 9] , which is the same as the mass fractal dimension of the scatterers in the planar soil section. We assume that n j q j scales as
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In a fractal soil both solid grains and pores belong to a finite number of geometrically decreasing size classes [11] ; that is, in the radar's penetration range only a finite number of scattering vectors q j are possible and, ordering them by increasing length, condition (i) can be satisfied. By Eqs. (2) and (3):
and taking the limit in condition (ii) gives
Consequently, the graph of At has the same fractal 
In the light of Hunt's theorem [10] , we expected that the GPR traces would also form a fractal set whose fractal dimension might be extracted from their amplitude distribution (by analyzing them as self-affine fractals [3, 9] ), or by box counting [3, 9] on the positive-amplitude (black) parts of the georadargram. To confirm this hypothesis we extracted an 1:0 1:0 1:6 m monolith which consisted of six layers [with contrasting morphology and physicochemical properties, Fig. 1(a) ], separated into two disconnected parts by a compacted ( 1:42 Mg m ÿ3 ) basaltic volcanic ash horizon of near 30 cm thickness [ Fig. 1(b) ]. The upper part of the monolith is a 39 cm soil layer [ 0:98 Mg m ÿ3 , Fig. 1(d) ], the lower one consists of amorphous lacustrine clay sediments, in direct contact with the highly saline underground water that ensured their saturation at the beginning of the experiment (Fig. 1) . The clays form microlayers of (1) Fig. 1(c) ]. The extracted monolith was put in the greenhouse, turned to lay on its side, and has been explored with GPR in reflection and transillumination modes at 10 cm steps. An antenna emitting 225 MHz central-frequency pulses was used for exploration. The ''georadargram'' is the plot of the received backreflected signals as a function of recording time (ns), the latter can be converted to a depth scale (m). For 12 months while the soil and sediments were drying, once a week undisturbed samples were taken for SEM imaginary, following the same sampling plan (Fig. 2) . The fractal analyses of optical and SEM images, complete georadargrams and separate GPR traces were accomplished using the BENOIT program package [12] which contains several techniques to estimate the dimension of self-similar and self-affine fractals. The R/S (rescaled range) and wavelet fractal dimensions have been found the most useful in the present research.
We also verified the relation D m 2 ÿ H between the mass fractal dimension of the high-permittivity points and the self-affinity exponent H [3, 9] of the radar traces, by numerically solving the electromagnetic field propagation equation [13] @ 2 @z 2 Ex; z 2 sin 2 0 "x; z ÿ 1 Ex; z 0; (6) where !=c is the wave number in vacuum (!-cyclic frequency; c -light speed in vacuum); 0 -yaw angle of the incident wave; "x; z -complex dielectric permittivity of the material. We used the left and right boundary conditions
respectively, where i ÿ1 p , 0 sin 0 ,
, and e 0 is the initial wave amplitude. Equation (6) with boundary conditions (7) and (8) was approximated to the second order by a symmetric difference scheme and solved using the complex sweep method [13, 14] .
We ran simulation experiments, using optical and SEM digital images of monolith. Precise thresholding was required in order to distinguish between pore and solid patterns [ Figs. 1(d) and 2] . The binarized image is a map   FIG. 2 . Scanning electron microscopy of contrasting layers of the monolith, Fig. 1 of pores and solids, which we transformed into a permittivity profile, by linearly relating the permittivity values to the black-and-white pixel distribution corresponding to solids and pores, respectively. The dielectric constant was assumed to vary from 5 (solids) to 10 -20 (values obtained in the field and relating to pores). Each image was explored pixel by pixel by computer-simulated waves [solving Eq. (6)], resulting in the je r xj reflection intensity profiles [ Figs. 1(d) and 2] . The fractal dimensions extracted from the GPR traces and from the simulated reflection intensity profiles showed good correlation (R 2 0:6-0:7) with the mass fractal dimension and lacunarity [2, 9, 15] of the pore space, measured on optical and SEM images. Also, strong correlation was found between soil properties (such as bulk density, volumetric water content, dielectric permittivity, mechanical resistance), and the fractal dimensions extracted from optical and SEM images, GPR common offset sections and traces, as well as from simulated reflection intensity profiles (Fig. 3) .
Our experimental data, mathematical model, and computer simulations have all proved that the range of fractal wave scattering from soils and sediments extends to the 10 ÿ2 -10 m wavelengths (microwaves). The fractal geometry of pore and grain distribution can be directly determined from the georadargram, which makes GPR a prominent tool for nondestructive soil studies.
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